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1. Introduction

The entanglement entropy has been playing very important roles in recent studies of quan-

tum field theories motivated by both string theory and condensed matter theory. The

entanglement entropy SA can be regarded as a measure of degree of freedom confined in

a certain space-like region A, chosen arbitrarily. In the two dimensional conformal field

theories, it is indeed proportional to the central charge [1, 2]. In quantum field theory with

UV fixed points, we can in general show that the leading ultraviolet divergent term of SA

is proportional to the area of the boundary of A [3], while the subleading terms depend on

the shape of the region A. Even though the direct computation of SA often involves com-

plicated analysis, the holographic calculation [4] based on AdS/CFT correspondence [5]

provides a more tractable way of doing this (for recent progresses see e.g. [6]–[41]).

In the analysis of quantum phase transitions which frequently appear in condensed

matter systems, it has been pointed out that the entanglement entropy can be used as

a quantum order parameter [42 – 44]. Especially it is quite useful to specify the phases

in topological theories as ordinary correlation functions become trivial [43, 44], while the

entanglement entropy (called topological entanglement entropy1) does not.

1Refer to [40] for a holographic calculation of topological entanglement entropy.
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In the recent papers [14, 23], the entanglement entropy in confining gauge theories

has been studied holographically and it has been shown that it undergoes a sort of phase

transition when we change the size of A. This behavior has been confirmed recently in

the lattice gauge theories [32, 37]. Thus it is natural to expect that the entanglement

entropy can be an order parameter of the confinement/deconfinement transition in gauge

theories [14, 23]. In order to reinforce this idea, the main purpose of this paper is to show

that the entanglement entropy (or more generally, the geometric entropy) is a nice order

parameter of the confinement/deconfinement transition in N = 4 super Yang-Mills theory

when we change the temperature. This phase transition is well-known to be dual to the

Hagedorn transition in string theory via the AdS/CFT.

Especially we will employ the free Yang-Mills analysis in [45] and compute a certain

entropy defined later, which is closely related to the entanglement entropy. This quantity

is not exactly the same as the ordinary entanglement entropy, but can be regarded as its

double Wick rotated one. Since it is defined geometrically, we will call this quantity the

geometric entropy in this paper.2 The relation between our geometric entropy and the

entanglement entropy is analogous to the one between the Wilson loop and the Polyakov

loop. Remember that the Polyakov loop is strictly speaking not well-defined on a compact

manifold because it introduces a positive charge, while our geometric entropy is well-

defined. It has also a nice property that its gravity dual is easy to analyze. We explicitly

examine its behavior and show that its value jumps at the transition point. This behavior

qualitatively agrees with the results in the supergravity dual. We will also discuss that

this quantity can be a useful order parameter in other theories such as the topological field

theories and two dimensional Yang-Mills theory.

This paper is organized as follows: in section two, we define the geometric entropy

as a certain double Wick rotation of the entanglement entropy. We also calculate this

quantity holographically in the AdS5 back hole background. In section three, we compute

the geometric entropy in the free N = 4 Yang-Mills theory and compare the results with

its dual gravity result. In section four, we briefly discuss the application of the geometric

entropy to topological field theories and two dimensional Yang-Mills. In section five, we

summarize our conclusion.

2. Geometric Entropy in N = 4 SYM and AdS/CFT

2.1 Definition of geometric entropy

We compactify on S3 a four dimensional quantum field theory such as the N = 4 super

Yang-Mills. At finite temperature T = 1
β , it is defined on S1 × S3. We express the metric

2In some literature, the authors defined the geometric entropy to be exactly the same as the entanglement

entropy. However, in this paper, we use the term ‘geometric entropy’ in a broader sense.
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of S3 as follows

dΩ2
(3) = d2θ + sin2 θ(dψ2 + sin2 ψdφ2), (2.1)

where 0 ≤ θ, ψ ≤ π and 0 ≤ φ ≤ 2π.

Now we change the periodicity of φ into 0 ≤ φ ≤ 2πk. For k 6= 1, there exist conical

singularities at ψ = 0, π with the deficit angle δ = 2π(1−k). The submanifold of S3 defined

by these singular points is equal to S1 (the largest circle of S3).

The partition function on this singular space is defined to be ZYM(k). The ordinary

partition function on S1 × S3 coincides with ZYM(1). We can consider the normalized

partition function and can regard it as follows

ZYM(k)

(ZYM(1))k
= Trρk, (2.2)

where ρ = e−2πH is the density matrix when we regard the coordinate φ as the Euclidean

time (and H is its Hamiltonian) via the double Wick rotation.

Then, following the definition of von-Neumann entropy, we define the geometric en-

tropy SG by

SG = −Trρ log ρ = − ∂

∂k
log

[

ZYM(k)

(ZYM(1))k

]

∣

∣

∣

∣

∣

k=1

. (2.3)

As is clear from the above, the geometric entropy is different from the ordinary thermal

entropy but is naively related to it via the double Wick rotation. In other words, in the or-

dinary entropy we regard the thermal circle S1 is the Euclidean time, while in our geometric

entropy we regarded φ in S3 as the Euclidean time. Thus it is analogous to the Polyakov

loop instead of the Wilson loop. Remember that the Polyakov loop is strictly speaking not

well-defined on a compact manifold, while our geometric entropy is well-defined.

However, strictly speaking, we should regard SG as a double Wick rotated entangle-

ment entropy rather than a double Wick rotated thermal entropy. This is because we

actually have fixed points under the periodic identification of φ, which leads to the deficit

angle circle. If we fix the value of θ, then the geometry (2.1) is equivalent to a two sphere

with a cut which extends from the North pole ψ = 0 to South pole ψ = π. If we regard

one of the coordinates of the two sphere as the Euclidean time, this is exactly what we

typically encounter when we compute the entanglement entropy in quantum field theories

(see [2]). In this way we can say that the geometric entropy is locally equivalent to the en-

tanglement entropy.3 It will also be an interesting future problem to compute the ordinary

entanglement entropy itself to see if it can be an order parameter, though this will require

a more complicated analysis.

3We may equally say that the geometric entropy is the entanglement entropy when we consider the

quantum field theory on the double Wick rotated spacetime. Since the metric of this spacetime is rather

complicated we will not present its detail in this paper.
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In the practical computations of SG, it is convenient to take the values of k to be

fractional k = 1
n . This theory is equivalent to the N = 4 super Yang-Mills on the orbifold

S3/Zn. The Zn identification is simply defined by φ ∼ φ + 2π
n in the coordinate (2.1).

This is locally the same as the C/Zn orbifold and thus is non-supersymmetric. The careful

analysis of the spin structure [46] shows that n should be an odd integer. Then we can

calculate the geometric entropy from the formula

SG = − ∂

∂(1/n)
log

[

ZYM(S3/Zn)

(ZYM(S3))1/n

]

∣

∣

∣

∣

∣

n=1

. (2.4)

The partition function in the N = 4 Yang-Mills theory at finite temperature and

coupling has not been obtained so far. Therefore, in the next section, we will perform

the calculation of the partition function and find the geometric entropy in the free N = 4

Yang-Mills theory. As we will see later, even under this free field approximation, we can

still reproduce qualitative behavior of SG expected from the gravity computation.

2.2 Holographic Calculation of SG

We would like to first compute SG in the dual gravity side. In the Yang-Mills language,

the supergravity analysis is dual to the strongly coupled Yang-Mills.

If we require that the boundary is given by S1×S3, then only two examples are known

as the bulk space [47]; one is the thermal AdS

ds2 =

(

r2

R2
+ 1

)

dτ2 +
dr2

r2

R2 + 1
+ r2dΩ2

(3), (2.5)

and the other one is the AdS (large) black hole

ds2 =

(

r2

R2
+ 1 − M

r2

)

dτ2 +
dr2

r2

R2 + 1 − M
r2

+ r2dΩ2
(3). (2.6)

The horizon of the latter spacetime is at r+ defined by
r2+
R2 + 1 − M

r2+
= 0.

By requiring the smoothness of the Euclidean geometry, we find that the periodicity

of τ (2.6) is given by

β̃ =
2πr+R

2

2r2+ +R2
. (2.7)

The analysis of the free energy shows that at low temperature β̃ > β̃H the thermal AdS

solution is stable, while at high temperature β̃ < β̃H the AdS black hole solution becomes

favored [47]. Here the phase transition temperature is given by βH = 2π
3 R and is known

as the Hawking-Page transition.

Now we would like to compute SG. In order for this we need to put the deficit angle

2π(1 − α) along the circle S1 on S3. The presence of the codimension two deficit angle

– 4 –
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leads to the delta functional source of the scalar curvature R = 4π(1 − α)δ(x). If we plug

this into the Einstein-Hilbert action, we get

Ssugra = − 1

16πG
(5)
N

∫ √
gR+ · · · = −Area(γ)

4G
(5)
N

(1 − α), (2.8)

where γ is the codimension two surface where the deficit angle is localized (these arguments

are very similar to the one in [8]). Using the bulk to boundary relation ZCFT = Zsugra =

e−Ssugra in the supergravity approximation [48, 49], we eventually be able to obtain the

geometric entropy as follows

SG = − ∂

∂α
log

Zsugra(α)

(Zsugra(0))α
=

∂

∂α
Ssugra =

Area(γ)

4G
(5)
N

. (2.9)

The surface γ for the geometric entropy SG is given by the codimension three surface

defined by sinψ = 0, which extends in the (τ, r, θ) direction. We put the UV cut off at

r = r∞ ≫ R.

In the thermal AdS, we find

Sads
G =

1

4G
(5)
N

∫ β̃

0

∫ r∞

0
rdr

∫ 2π

0
dθ =

πβ̃r2∞
4G

(5)
N

, (2.10)

while in the AdS black hole we get

Sbh
G =

1

4G
(5)
N

∫ β̃

0

∫ r∞

r+

rdr

∫ 2π

0
dθ =

πβ̃(r2∞ − r2+)

4G
(5)
N

. (2.11)

For the large AdS black hole we have the relation equivalent to (2.7)

r+ =
πR2

2β̃
+

√

π2R4

4β̃2
− R2

2
. (2.12)

Notice that the AdS BH exists when β̃ < πR√
2
. Below we introduce the dimensionless

temperature β defined by

β =
β̃

R
. (2.13)

We are interested in the difference4 of these entropies. This quantity is vanishing at

the temperature lower than the Hagedorn transition, i.e. β > 2π
3 . On the other hand, at

high temperature (β < 2π
3 ), we obtain the non-vanishing result

∆SG = −πβ̃r
2
+

4G
(5)
N

= − πR3

4G
(5)
N

·

(

π +
√

π2 − 2β2
)2

16β
. (2.14)

4In the original arguments of the Hawking-Page transition, we needed to choose slightly different tem-

perature between thermal AdS and AdS BH. This subtlety is not important in our argument.
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If we assume the AdS5 × S5 background in type IIB string dual to the N = 4 super

Yang-Mills, we can rewrite the expression as follows5 (using R3

G
(5)
N

= 2N2

π )

∆SG = −π
2N2

8β

(

1 +

√

1 − 2β2

π2

)2

≃ −N
2

2

(

π2

β
− β

)

+O(β3). (2.15)

If we start with low temperature and increase the temperature gradually, then at

β = 2π
3 , the quantity ∆SG suddenly jumps from zero to −2π2N2

9β (see the figure 1(b)

in the next section). Thus we can conclude that SG is an order parameter of the confine-

ment/deconfinement transition. Our analysis can be comparable to that of the holographic

entanglement entropy in a confining gauge theories at zero temperature in [14, 23, 40]. In

the latter case, the derivative of the entropy (not the entropy itself) jumps when we change

the size of the subsystem A which defines the entanglement entropy A.

3. Geometric entropy in free N = 4 super Yang-Mills

We would like to return to the Yang-Mills analysis. Since the evaluation of the partition

function in the interacting N = 4 super Yang-Mills is rather difficult, here we would like

to be satisfied with the free Yang-Mills calculation. As noticed in [45], the free Yang-

Mills analysis can capture the confinement/deconfinement transition since the Gauss law

constraint on S3 restricts the total charge to be vanishing.

The partition function in the free Yang-Mills theory is written in the form [45] (we set

x = e−β)

ZYM =

∫

[dU ] e
P∞

m=1
1
m(zs(xm)+zv(xm)+(−1)m+1zf (xm))tr(Um)tr((U†)m), (3.1)

=

∫ N
∏

i=1

dθie
−P

i6=j V (θi−θj), (3.2)

where we diagonalized the unitary matrix U in the final expression. Also zs(x), zv(x) and

zf (x) denote the single particle partition functions of scalars, vectors and fermions in a

given gauge theory.

The potential V (θ) is given as follows

V (θ) = log 2 +
∞
∑

m=1

Vm cos(mθ), (3.3)

5In the final expression we performed the high temperature expansion. Notice that the leading term

∼ β−1 agrees with the result ∆SA = −
πN2L
4V1

in [14] by identifying β = 2π L
V1

, which is obtained by looking

at conformally invariant quantities. This agreement is because the high temperature limit β → 0 means

that the size of the sphere S3 becomes infinitely large and so we can regard it as R3.

– 6 –
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where we set

Vm =
1

m
(1 − zs(x

m) − zv(x
m) − (−1)m+1zf (x

m)). (3.4)

In the N = 4 SYM on the orbifold S3/Zn, assuming n is an odd integer, we find

zs(x) = 6
x(1 + xn)

(1 − x)2(1 − xn)
, zv(x) =

2x2(1 + 2xn−1 − xn)

(1 − x)2(1 − xn)
, zf (x) =

16x
n
2
+1

(1 − x)2(1 − xn)
.

(3.5)

For the detailed derivation of these functions, please refer to the appendix A. A calculation

of z(x) in a different orbifold has been done in [50].

To solve the matrix model, we introduce the density of the eigenvalues as usual

ρ(θ) =
1

2π
+

∞
∑

m=1

ρm
π

cos(mθ), (3.6)

so that it is normalized as
∫ π
−π dθρ(θ) = 1. Then the free energy looks like

βF = βE0 +N2
∞
∑

m=1

|ρn|2Vm, (3.7)

where E0 is the Casimir energy. The contribution from the Casimir energy is not important

for our purpose. This is because we always subtract the result from the one with the

periodic boundary condition in the Euclidean time direction as we did so in the gravity

side and therefore the Casimir energy part cancels out.

At low temperature (i.e. confining phase), we find ρn≥1 = 0. When T = TH (the

Hagedorn transition point, i.e. V1(x) = 0), ρ1 jumps to ρ1 = 1. On the other hand, in the

high temperature limit, the eigenvalue distribution becomes delta-functional ρ(θ) = δ(θ) =
1
2π

∑∞
n=−∞ einθ and thus ρn≥1 = 1.

3.1 Analysis near the transition

In the low temperature case, we can assume only ρ1 becomes non-zero. The density of the

eigenvalues can be solved as [45]

ρ(θ) =
1

π sin2
(

θ0
2

)

√

sin2

(

θ0
2

)

− sin2

(

θ

2

)

cos
θ

2
, (3.8)

sin2

(

θ0
2

)

= 1 −
√

1 − 1

zs(x) + zv(x) + zf (x)
, (3.9)

where ρ(θ) has the support on {−θ0 < θ < θ0}.
Putting (3.8) into (3.7), we find the free energy in fairly simple form

βF = −N2





1

2 sin2
(

θ0
2

) +
1

2
log

(

sin2

(

θ0
2

))

− 1

2



 . (3.10)

– 7 –
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(a) Yang-Mills (b) Gravity

Figure 1: The behavior of ∆SG/N
2 for free Yang-Mills (a) and IIB supergravity (b). The horizon-

tal axis corresponds to the temperature T . The temperature at which the phase transition occurs

is TH = −1/ ln(7 − 4
√

3) = 0.379 in the Yang-Mills theory and TH = 3/2π = 0.477 (dashed line)

in the dual gravity. Notice that the line starts at T =
√

2/π = 0.450 in (b) above which the AdS

black hole exists.

For T > TH , this action is well-defined (see (3.9)) and takes values of order N2, while this

is order one for T < TH because the coefficients Vn appeared in (3.7) are positive and the

minimal configuration ρn≥1 = 0 gives F = 0.

The geometric entropy can be computed from the partition function Z in the free

Yang-Mills by the following formula as defined in (2.4)

∆SG = − ∂

∂(1/n)

(

logZ(n) − 1

n
logZ(1)

)

∣

∣

∣

n=1

= − ∂

∂n

(

(βF )(n) − 1

n
(βF )(1)

)

∣

∣

∣

n=1
. (3.11)

Using the single particle partition function (3.5), we can easily plot the geometric entropy

near the phase transition as in figure 1(a), where we also plot the gravity result (2.15)

in figure 1(b). They look qualitatively similar and show a jump at the transition point.

One may notice that the value of dSG

dT is infinite in the free N = 4 Yang-Mills, while it

is finite in the gravity. This difference comes from the following fact. In gravity side, the

temperature at which the black hole solution appears and the temperature at which the

black hole becomes stable against the thermal AdS, are different. However, in the free

Yang-Mills limit, they do degenerate as is clear from the fact that there is no saddle point

or local minima in the free energy (3.7).

It is also straightforward to take the chemical potential (µ1, µ2, µ3) of the R-charges

(Q1, Q2, Q3) into account by multiplying zs(x) and zf (x) by the factor (eµ1 + e−µ1 + eµ2 +

e−µ2 + eµ3 + e−µ3)/6 and (e
µ1
2 + e−

µ1
2 )(e

µ2
2 + e−

µ2
2 )(e

µ3
2 + e−

µ3
2 )/8, respectively. The

matrix model description and its phase structure in the R-charged case have been worked

out in [52 – 54]. We focus on the specific case (µ1, µ2, µ3) = (µ, 0, 0), and the result is

plotted in figure 2. Even though the transition temperature decreases as µ becomes large

– 8 –
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Figure 2: The behavior of ∆SG/N
2 for free Yang-Mills with the specified values of the chemical

potential (µ1, µ2, µ3) = (µ, 0, 0) of the R-charges.

(µ < 1), the discontinuity of SG is still present. A more non-trivial extension will be to

introduce a potential with respect to the rotation in the S3, which is dual to a rotating

black hole. The analysis of the phase structure in the rotating system has been recently

done [55] (the same system in decopling limit was studied in [56]).

3.2 Analysis of high temperature limit

In the high temperature limit x→ 1 (β → 0), the zs(x
m), zv(x

m) and zf (x
m) behave like

zs(x
m) ≃ 12

m3nβ
+
n2 − 1

mnβ
+O(β),

zv(x
m) ≃ 4

m3nβ3
+
n2 − 6n− 1

3mnβ
+O(1),

zf (x
m) ≃ 16

m3nβ3
− 2(2 + n2)

3mnβ
+O(β). (3.12)

Then we can evaluate the free energy as follows

−βFscalar ≃
N2

30nβ3
(4π4 − 5π2β2 + 5n2π2β2),

−βFvector ≃
N2

90nβ3
(4π4 − 5π2β2 − 30nπ2β2 + 5n2π2β2),

−βFfermion ≃ N2

90nβ3
(14π4 − 10π2β2 − 5n2π2β2). (3.13)

In the end, the geometric entropy for each fields is found6 to be

Sscalar
G =

π2N2

3β
, Svector

G = −2π2N2

9β
, Sfermion

G = −π
2N2

9β
. (3.15)

6These can be comparable to the entanglement entropy computed in [14] (setting β = 2π L
V1

)

S
scalar
ent =

π2N2

3β
, S

vector
ent =

π2N2

9β
, S

fermion
ent = −

π2N2

9β
. (3.14)

– 9 –
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Notice also that the total sum is vanishing SN=4SYM
G = Sscalar

G + Svector
G + Sfermion

G = 0.

In the high temperature limit, we need to subtract SPG from the above result, where

SPG is the geometric entropy in the case where the fermions obey the periodic boundary

condition in the S1 direction so that the partition function becomes tr(−1)F e−βH . This is

because in the gravity side calculation, we considered the difference7 between the result in

the AdS black hole and the one in the thermal AdS.

In the periodic case, we find the total free energy becomes in the high temperature

limit

−βFPtot =
π2N2(n− 1)

3β
, (3.16)

which leads to the entropy

SPG =
π2N2

3β
. (3.17)

We would like to claim the difference

∆SG = SAG − SPG = −π
2N2

3β
, (3.18)

should be comparable to the supergravity result (2.15), which differs with each other by

the factor 2
3 . This is analogous to the 4

3 factor in a similar ratio of the thermal entropy [57]

(a similar ratio in N = 1 conformal field theories has been worked out recently in [16]).

In this way, we have shown that the geometric entropy in free N = 4 Yang-Mills

qualitatively (or semi-qualitatively) agrees with that in its holographic dual. Our result

provides a strong support that the geometric entropy is a nice order parameter of Hage-

dorn/deconfinement phase transition.

4. Geometric entropy in TQFT and 2D YM

As we have seen, the geometric entropy successfully plays the role of order parameter in the

N = 4 Yang-Mills. Another advantage of considering this quantity is that we can define the

geometric entropy in any Euclidean field theory, even if the spacetime is not a direct product

of the (Euclidean) time times a space manifold. A typical such example is the quantum

field theory on S2. The geometric entropy is defined by introducing the deficit angle at

two points on the sphere, e.g. the North and South Pole, in a similar way we did for S3.

If we consider a two dimensional topological field theory defined on a Riemann surface

Σg, then the partition function Zg depends only on the genus g and not on the other

Notice that these results agree with each other except the gauge field. This will be due to the subtle issue

raised in the paper by [51]. If we literally evaluate the entanglement entropy from the partition function,

we find the result in (3.15) for the vector field. However, if we eliminate a surface term we get the result

in (3.14) which is the twice of the real scalar field result.
7This procedure is not necessary in the analysis of the low temperature region since it become a minor

contribution.
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geometrical parameter or moduli. We can define the geometric entropy by introducing a

cut on Σg. This leads to the n-sheeted Riemann surface. Then this n-sheeted surface has

the genus G = ng. The position of the cut is not important as the theory is topological.

In the end, the entropy is defined as follows

SG(g) = − ∂

∂n
log

[

Zng
(Zg)n

]

∣

∣

∣

∣

∣

n=1

. (4.1)

Especially, in the sphere case g = 0, we simply find

SG(0) = logZ0. (4.2)

A similar result can be found for the three dimensional topological field theory such as the

Chern-Simons gauge theory on a three sphere. By putting the deficit angle along a circle,

the geometric entropy becomes (see [58])

SG(S3) = logZ(S3). (4.3)

This is exactly the same as the topological entanglement entropy introduced in [43, 44].

A more interesting example may be the U(N) two dimensional Yang-Mills theory. It

has been shown that the system undergoes a third order phase transition [59] by computing

the partition function exactly using the well-known formula

Z(g,A) =
∑

R

(dimR)2−2g e−
g2

2N
C2(R)Ã. (4.4)

Here Ã is the area of the Riemann manifold; R is a representation of U(N). Below we

measure the area in units of 1/g2 i.e. A = Ãg2.

Now we would like to see if the geometric entropy can be regarded as a order parameter.

We concentrate on the genus 0 case and put a cut between the North and South pole. Then

the geometric entropy is given by

SG(A) = − ∂

∂n
log

[

Z(nA)

(Z(A))n

]

∣

∣

∣

∣

∣

n=1

= N2(AF ′(A) − F (A)), (4.5)

where N2F (A) = − logZ(A). By employing the analytic expressions of the free energy

F (A) in [59], we can compute the gap between SG in the strongly coupled phase A > Ac

and the weakly coupled on A < Ac, where Ac is the value of A where the phase transition

occurs. It behaves like

∆SG(A) ∼ N2(A−Ac)
2. (4.6)

Therefore, in this example, we can regard d2SG(A)
dA2 as an order parameter of the phase

transition in the two dimensional Yang-Mills. In other words, the geometric entropy is an

analogue of the thermodynamical entropy for a quantum field theory on a general Euclidean

manifolds.

– 11 –
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5. Conclusion

In this paper we introduced a new quantity called the geometric entropy in quantum field

theories, especially focusing on the gauge theories which often have their holographic duals

via AdS/CFT. This quantity is analogous to the Polyakov loop and indeed we defined it

by a double Wick rotation of another basic quantity known as the entanglement entropy.

The main claim of this paper is that the geometric entropy can be used as an order

parameter of Hagedorn/deconfinement phase transitions. We explicitly examined the ge-

ometric entropy in both Yang-Mills theory and its AdS dual and showed that this claim

is indeed true. We also noticed that this quantity plays the role of order parameter in the

two dimensional Yang-Mills theory. It will be an intriguing future direction to investigate

other phase transitions from the viewpoint of the geometric entropy.

The advantage of considering the geometric entropy is that it is a universal physical

quantity because we can define this quantity in any quantum field theories even if they

are not gauge theories. It gives much more detailed information than the thermal entropy

and the energy stress tensor do. Therefore it will be very interesting to understand the

holography in more general spacetimes such as the de-Sitter space by using the geometric

entropy as a probe.
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A. Computation of the single particle partition functions

Let’s choose the metric of S3 as

dΩ2
(3) = dθ2 + sin2 θdφ2 + cos2 θdψ2, (A.1)

where 0 ≤ θ ≤ π
2 and 0 ≤ φ,ψ ≤ 2π. This can be embedded in C

2 as

z1 = sin θeiφ, z2 = cos θeiψ. (A.2)

When we take the Zn orbifold of S3, ψ ≃ ψ + 2π
n , the C

2 coordinates become identified8

as z2 ≃ ei
2π
n z2. The Zn action acts on the field O [60]

e2πi
a−b

n Oab = e2πi
J2
n Oab, (a, b = 1, . . . , n), (A.3)

8A similar calculations in a different orbifold can be found in [50].
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where we denote SO(4) generators as J1, J2 which act z1, z2 plane respectively. Decom-

posing SO(4) ≃ SU(2)L × SU(2)R and introducing mL ≡ J1 + J2, mR ≡ J1 − J2, the Zn

invariant modes satisfy

ml −mR = a− b (mod n). (A.4)

Here we take trivial modes (a = b) as invariant states, which satisfy mL −mR = nZ. The

single particle partition function for the scalar field can be represented as the summation

of the invariant state with the representation (mL,mR) = (j, j) and the energy E = 2j + 1

zs(x) = 6
∑

j=0,1/2....

j
∑

mL=−j

j
∑

mR=−j
x2j+1ymL−mR |mL−mR=nZ, y=1

= 6
x(1 + xn)

(1 − x)2(1 − xn)
. (A.5)

Similar calculation leads the single particle partition function for the vector field

zv(x) =
∑

j=0,1/2....

j+1
∑

mL=−j−1

j
∑

mR=−j
x2j+2ymL−mR |mL−mR=nZ, y=1 + (mL ↔ mR)

=
2x2(1 + 2xn−1 − xn)

(1 − x)2(1 − xn)
. (A.6)

For fermions, there are two kinds of the Zn action

g = e2πi
J2
n or e2πi

n+1
n
J2, (A.7)

but we must take the latter with n = 2l+1 to require gn = 1. Hence the invariant fermionic

states satisfy

(2n+ 1)(mL −mR) = 0, (mod n), (A.8)

where we take trivial modes as we did in the bosonic computation. Since mL −mR takes

half-integer for the fermion, (A.8) becomes

mL −mR = n

(

Z +
1

2

)

. (A.9)

The resulting single particle partition function becomes

zf (x) = 4







∑

j=0,1/2....

j+1/2
∑

mL=−j−1/2

j
∑

mR=−j
x2j+3/2ymL−mR |mL−mR=n(Z+ 1

2), y=1+(mL ↔ mR)







=
16x1+ n

2

(1 − x)2(1 − xn)
. (A.10)
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